
Elliptic curves and the BSD conjecture
-

1.Motivation
-

D Geometry : rational parametrization
• Given an affine plane curve

C ' 74,8114
,

does it possess a rational parametrization ?
• I ? rational functions x (t )

, y (t) sit .

① for almost
all t EE f (Htt ,yftD=0

② for almost all PEC ftecs.tv F- Gct), ya)

• Examples :
-

① degree 1 : g
: axtb ⇒ (x. g) = (t , attb)

① degree 2 : g : x
'

⇒ (x.ytftst)
③ degree s : y'=xYxtD⇒ (x.y) :(E- a ,t'- t) L

y
'
-

- x'-X ⇒ impossible of
• Theorem : An irreducible affine curve C is rational
-

if and only if it's birational'd equivalent to the

affine line IA
'
L 'D

genus (4=0

• Takeaway : Genus 1 curves are the first example of-

non- rational curves



.is Number Theory : Hasse principle
-

• Given an affine plane curve C -

-

f (x. y )/⑥ ,

does it possess a Q
- rational point ?

• If so
,
then under the natural embedding of Q C has a

point defined over 112 and Qp Ap ( global - to- local)
• Easy to check

for
IR ; for Qp reduces to some

finite field by Hensel 's lemma

• Conversely , if C has a point defined over 112 and Qp
b- pace , do they come

from a Q - rational point
( local - to - global) ?
• Hasse principle ! True in some cases

, e.g .
linear &

quadratic equations ( genus o)

• Theorem : A quadratic form fkn , - . . Xu) - if
,

aixi ( Q
-

represents 0 if and only if it does so over IR

and Qp tp
• Non- example : 2g

! X! it ( use Hasse 's bound)
-

• Takeaway : Genus 1 curves are the first example of
-

the failure of the Hasse principle



2.IE/lipticcurves-
i> Definition : An elliptic curve E over IQ is a

-

Smooth projective curve of genus
1 with e Q - rational

point 0 Known as the origin .
More concretely ,

E : g-= x'taxtb a ,b EQ D= -116 (ya't 275) to

with A - point
- compactification given by V. In general ,

Weierstrass equation E ; y'ta,xytazy - X't azX%aaXta6
• Examples :
-

① is -- x'-x

D >O

① F- x'tx
--

⑦ &
" "
"
""

Cy



• Non - examples :
-

① y:X
' Ly(cuspid al cubic)

- ,

① f- x'txt &(nodal cubic)
jgxistence , finiteness

?

• How to study the rational points of E ? Impose an

algebraic structure on them !

Of•

•
Pta

* E becomes an abelian group !
• Pic (E) = { degree zero divisors on

E 31N
⇒ EE Pico ( e ) under the map P → ( p) - (u)

•

If P ,QE Eia) , then Pf Q E E (Q) as well , so

{ (Q1) c E is a well-defined subgroup (Nordell -Weil)



D Rank :
-

•Theorem(Mordell'iseE(Q) is a finitely

generated abelian group =) E(a)Fella)+o, *
25

where r is called the rank of E

ooo Proof relies on fundamental results in

algebraic number theory :

① finiteness of
ideal class group

② finite generation of
units (Dirichlet 's unit theorem)

③ theory of heights
• Drawback is non-effectiveness : cannot

determine r ! In fact , no known theoretical

algorithm to date

• In practice , use 2 - descent ( mw rank in Ctt

by
J
.

Cremona )

• If algebraic methods cannot determine r ,
is there some other

way ? Yes ( conjecturally ) :

analytically via the curve 's L - function !



3
.

L -function
-

• Every elliptic curve Ella has a (Weierstrass)

equation with integer coefficients
• Can be made minimal so that /a(E) / is
an integer and

as small as possible
• Example :-
E : y! x't 16 has a = - 2h33 and isn't minimal

.

Substitute X=4x
'

and y=8y 't y to get
E
'

:(y
' )'t y 's (x't

'
with a's - 33

• Given a minimal equation for Elz , can reduce

the coefficient mod p
to obtain a curve) Ifp

• Define now ap : = pti - I E( Ep) /
• The resulting curve may

have bad reduction ,

in which case

a,
ns.t.it
,
I
"

:*
.

} 'd"
additive ( cuspidal)



• Define
① p good : ↳ (E. D= ( n - app

- St
p
"")
"

④ e
""

↳ ce.%ce.a.p.si :{
'
in I

'

::!
'

Ii
.

1 additive

o.Theoremlttasseisbou.de#/ap/I2Tp , so

( ( E ,s) : = Mp Lp ( E , s) converges for
Recs ) > I

÷ - s
as LCE , s) n E n cuspidor newform

• Modularity theorem miles ' 95) -

#
FIESacro (Nl)

s
.

-I . l ( E
,
s) =L( f.s ) 12; Ann

's
where

F -

- Ioan 9
"

,
so ( ( e

,
s) has an analytic

continuation to all
of ¢
(Hecke 's integral

representation ice , s) = f- fciy) yl
' '

dy
as Mellin transform ) and functional equation STL - s



4. BSD conjecture
-

• Relates algebraic rank
of E (Q ) to analytic properties

of LCE , s)

•

Conjecture (Birch
- Swinnerton - Dyer , 1560 s)
-

① Rank : r.mg/e)=ordg=aKE,s) : ' ran (E)
② Leading coefficient : for r -- raw ( E)
E) ( e , n) re the Icp Isha (E) I
÷

.

-

I Ela)torsk
• DX
re -

- J- → period of E

EGR) 2ft
a.X ta

,

•

Re = det ( L Pi , Pj > ) → regulator of E

•

Cp : l E ( Ep) : E. (Ifp )] → local Tamagawa numbers measuring
bad reduction

,
so Cp ' l for all but finitely many p

• Shale) → group measuring the failure of the Hasse

principle ( conjecturally finite)
"

• Tate
,
1574 : this remarkable conjecture relates the behavior

of a function L at a point where it is
not at present

known to the order of a

group
Sha which is not

known to be finite !
"



• Discovered with computer calculations at Cambridge
in the 19605

• Initial skepticism by Cassels (Birch 's PhD advisor) ,
but plenty of

numerical evidence has backed it up

5.curreutsto.tn#
• Theorem (Gross - Cagier , Kolgvagin , 1580) :
-

① ran (E) =o ⇒ ray (4--0

③ ra.la/--t--sraigl4-- 1
and in these cases both EYE

,
n ) and the finiteness

of Sha are known

• Proof uses two ingredients :

① Kolyvagin 's Euler system : ran (e) ft ⇒ ragle) france)

② Gross - cagier formula : ran (E) = I ⇒ rug (a) 71 by
explicit construction of Hegner paints on

E


